Introduction.
There are many interesting results on moduli spaces of 1-dimensional semistable sheaves on surfaces, mainly with surfaces K3, abelian or rational, for instance [1] , [2] , [4] , [5] , [8] , [9] , [10] and [11] . Recently because of its close relation to PT-invariants (defined in [6] ) on local Calabi-Yau 3-fold, this kind of moduli spaces over Fano surfaces become even more worthy of study.
Let M(d, r) be the moduli space of semistable sheaves of rank 0, first Chern class dH (d > 0) and Euler characteristic r on P 2 . In Physics, the Euler number e(M(d, r)) up to a sign is called the BPS state of weight 0 for local They showed in [1] that the (CWhen I wrote this paper, I was a post-doc at MSC in Tsinghua University in Beijing. Finally I thank Y. Hu for some helpful discussions. 2 z] for all (t 1 , t 2 ) ∈ T and [x, y, z] ∈ P 2 . Denote by θ (t 1 ,t 2 ) the automorphism of P 2 given by the action of the point (t 1 , t 2 ). The T-action on P 2 induces an action on M(d, r)
defined by (t 1 , t 2 ) · F = θ * (t 1 ,t 2 ) F for any sheaf F ∈ M(d, r).
We recall some notations we used in [11] . At first we say that a pair (E, f ) always satisfies the following two conditions.
(1)E ≃ i O P 2 (n i ) i.e.E is a direct sum of line bundles on P 2 ; (2.1) (2)f ∈ Hom(E ⊗ O P 2 (−1), E) and moreover f is injective. (2.2)
By Definition 2.1 in [11] , (E, f ) ≃ (E ′ , f ′ ) if E ≃ E ′ and ∃ ϕ, φ ∈
Isom(E, E
There is 1-1 correspondence between isomorphism classes of pairs (E, f ) and isomorphism classes of pure sheaves F of dimension 1 on P 2 by assigning (E, f ) to coker(f ) (Proposition 2.5 in [11] ). We can put a stability condition on (E, f ) so that (E, f ) is (semi)stable iff so is coker(f ) (Definition 3.1 in [11] ).
If there is no strictly semistable sheaves in M(d, r), i.e. r is coprime to d, then we can assign every point F in M(d, r) uniquely to a pair (E, f ) such that coker(f ) ≃ F .
We view points in M(d, r) as stable pairs (E, f ), then the T-action on M(d, r) is quite explicit. We have (t 1 , t 2 ) · (E, f ) = (θ * (t 1 ,t 2 ) E, θ * (t 1 ,t 2 ) f ) ≃ (E, θ * (t 1 ,t 2 ) f ). f can be represented by a d × d matrix with (i, j)-th entry a ij (x, y, z) homogenous polynomials of x, y, z. Then θ * (t 1 ,t 2 ) f is a map represented by the matrix with (i, j)-th entry a ij (x, t 1 y, t 2 z). F is fixed by T iff ∀(t 1 , t 2 ) ∈ T, ∃ an invertible matrix with entries m
We stratify M(d, r) by the form of E, then every stratum is a constructible set in M(d, r) and invariant under the T-action.
By the stability condition for a pair (E, f ) ∈ W d , f can be represented by the
where A is a (d−1)×1 matrix with entries in
be a morphism represented by the transform B t of B. Then f B t is injective with cokernel a rank 1 sheaf Q f .
The dual G ∨ of any 1-dimensional sheaf G is defined as
If G is pure, then G ∨∨ ≃ G and moreover G and G ∨ are determined by each other (see [10] Lemma A.0.13). Any sheaf F = coker(f ) in W d has its dual F ∨ determined by the following sequence (see the diagram (4.2) in [11] ).
By Lemma 4.6 in [11] , if Q f is torsion free, then
and Id some ideal sheaf ofd-points not lying on a curve of
Therefore, F is fixed by T iff both Id and Supp(F ) are fixed by T. Hence W d has finitely many T-fixed points because so do the Hilbert scheme Hilb
ofd-points on P 2 and the linear system |dH|. Hence the proposition.
Notice that for d ≤ 4, up to isomorphism M(d, 1) is the only moduli space such that there is no strictly semistable locus, since 3 T-fixed points in M (4, 1).
In this section we prove the following theorem. M(4, 1) can be stratified into two following T-invariant strata.
For a pair (E, f ) ∈ M 2 , f can be represented by the following matrix 
where
The stability condition for such
Lemma 3.2. The T-fixed locus of M 2 consists of 42 points.
Proof. The proof of Lemma 5.4 in [11] shows that points in
with a T-fixed curve of degree 4 passing it. Hence the lemma. Hence the lemma. Proof. Every pair (E, f ) in M 1 − W 4 can be assigned uniquely to a pair
for some curve C ∈ |H|. Q f is unique up to isomorphism if the support of its torsion O H (−1) is given.
Take global sections of (3.2)⊗O P 2 (2) and we get
, N γ can be written as follows.
can be decomposed into a direct sum of 10 eigen-subspaces of θ * (t 1 ,t 2 ) . There are 8 one-dimensional eigen-subspaces spanned by γ (i,j) with
There are 2 two-dimensional eigen-subspaces spanned by {(y| {x=0} ), γ (2,1) } and {(z| {x=0} ), γ (1,2) } of eigenvalues t 2 1 t 2 and t 2 2 t 1 respectively (notice that θ * (t 1 ,t 2 ) · = t 1 t 2 ). These subspaces provide 2 T-fixed projective lines 4 T-fixed points in M (5, 1) and M (5, 2).
Up to isomorphism M(5, 1) and M(5, 2) are the only two moduli spaces with d = 5 such that there is no strictly semistable sheaves. In this section we prove the following theorem. M(5, 1) can be stratified into the following three T-invariant strata. 
Lemma 4.2. The T-fixed locus of M 3 consists of 60 points.
Proof. The proof is analogous to Lemma 3.2. M 3 is isomorphic to a projective bundle over Hilb [1] (P 2 ) with fibers isomorphic to P(H 0 (I 1 (5))) ≃ P 19 . Every Tfixed point in M 2 corresponds to a T-fixed point on P 2 together with a T-fixed curve of degree 5 passing it. Hence the lemma.
We follow the notations in [11] and stratify M 2 into two T-invariant strata as follows. 
where Proof. We have the following diagram
, and T-fixed
There are 6 T-fixed torsion-free R f where we can choose b i T-fixed and coprime to each other. For each such R f , the number of
Hence we get 102 points.
There are 9 T-fixed R f containing torsion where we can choose b i T-fixed but not coprime to each other. Each such R f lies in the following non-split sequence.
0 
where 
Notice that the torsion of I 1 ⊗I 2 is either zero or isomorphic to a skyscraper sheaf O {x} with x the single point defined by I 1 on P 2 .
There are 3 T-fixed I
Moreover (E, f ) and (Q f , σ f ) determine each other.
can be divided into three T-invariant strata by the form of Q f as follows, where T f is the torsion of Q f and Q tf f the torsion-free quotient of Q f . 
We have the following exact sequence.
an eigenvector with eigenvalue λ, then θ *
H 0 (Q f ⊗O P 2 (2)) can be decomposed into a direct sum of 13 eigen-subspaces of θ * (t 1 ,t 2 ) . There are 8 one-dimensional eigen-subspaces spanned by γ (i,j) with
, for i, j ≥ 0, i + j ≤ 3 and (i, j) not equal to (1, 0) or (2, 0). These subspaces provide 8 T-fixed points in
There are 3 one-dimensional eigen-subspaces spanned by(x i y j | z 2 =0 ) withi, j ≥ 0, i + j = 2. These subspaces are contained in P(H 0 (O {z 2 =0} ⊗ O P 2 (2))) and don't give any σ f .
There are 2 two-dimensional eigen-subspaces spanned by {(yz| {z 2 =0} ), γ (2,0) } and {(xz| {z 2 =0} ), γ (1,0) } of eigenvalues t 2 1 and t 1 respectively. These subspaces provide 2 T-fixed projective lines
The same holds for Q f with torsion O {x 2 =0} and O {y 2 =0} . Hence we get in all 24 points and 6 affine lines.
If the support of T f is reduced but not irreducible, one can check these three cases are different from the three cases we just computed, and every eigenvector in H 0 (T f ⊗ O P 2 (2)) gives affine line for T-fixed [σ f ]. We omit the computation. We get in all 15 points and 15 affine lines.
Therefore in Π 1 in total T-fixed locus consists of 39 points and 21 affine lines.
Let (Q f , σ f ) ∈ Π 2 . By the proof of Lemma 4.6 in [11] we have the following
where the sequence ( * ) does not split and Q f is the Cartesian product of Q f and
f lying in the following non-splitting sequence
Also notice that Q 1 f is unique up to isomorphism for any given O H (−1).
From the diagram (4.10) we can see that Q f is fixed by T iff Q f and the map class [δ f ] ∈ {δ f }/Aut( Q f ) are fixed. By the fact
Lemma 4.6. The T-fixed locus of Π 2 consists of 264 points, 81 affine lines and 6 affine planes.
Proof. Denote by andp the maps on the global sections induced by  and p in (4.11) respectively. Assume
) can be decomposed into a direct sum of 6 eigen-subspaces of θ * (t 1 ,t 2 ) . There are 5 one-dimensional eigen-subspaces spanned by γ ij withp(
, for i, j ≥ 0, i + j ≤ 2 and (i, j) = (1, 1). These subspaces provide 5 T-fixed points in
There are 1 two-dimensional eigen-subspaces spanned by {(1| {x=0} ), γ (1,1) } of eigenvalue t 1 t 2 (notice that
. This subspace provides a T-fixed projective lines The restriction of For each T-fixed Q f all the T-fixed [ω f ] form 11 points and 2 affine lines. Hence in total we have the T-fixed locus of Π 2 consists of 24 × 11 = 264 points, 3 × 11 + 24 × 2 = 81 affine lines A 1 and 3 × 2 = 6 affine planes A 2 .
Lemma 4.7. The T-fixed locus of Π 3 consists of 39 points and 3 affine lines.
Proof. For (Q f , σ f ) ∈ Π 3 , we have the following two commutative diagram (see the diagram (6.15) and (6.21) in [11] ).
⊕3 for a given K. Hence f B t is determined by the inclusion j and hence is determined by f tq . Parametrizing f B t is equivalent to parametrizing the surjective map
, then g can be represented by a 5 × 1 matrix (x 2 , xy, xz, yz, y 2 ) andτ can be represented
Notice that ∀ N ∈ Mat 5×4 (C) and Rank(N)=4, f tq can be represented by (x 2 , xy, xz, yz, y 2 )N (t 1 ,t 2 ) = (0, 0, 0, 0) for any (t 1 , t 2 ) ∈ T. Hence f tq is T-fixed ⇔ h is linearly dependent to h · Diag(1, t 1 , t 2 , t 1 t 2 , t We stratify M(5, 2) into three T-invariant strata defined as follows.
For a pair (E, f ) ∈ M where
(E, f ) is stable if and only if b is prime to a. Proof. By the proof of Lemma 6.12 in [11] , M ′ 3 is isomorphic to a projective bundle over Hilb [2] (P 2 ) with fibers isomorphic to P(H 0 (I 2 (5))) ≃ P 18 . Hence the lemma.
For a pair (E, f ) ∈ M 3 , f can be represented by the following matrix  [3] (P 2 ) D and the linear system |H|. Moreover M 3 can be decomposed into the union of a projective bundle over Hilb [3] (P 2 ) D with fiber isomorphic to P(H 0 (I 3 (5))) ≃ P 17 and a difference of two projective bundles over |H| with fibers isomorphic to P 17 and P(H 0 (O H (2))) ≃ P 2 respectively. Anagolous argument to Lemma 3.4 proves the lemma.
We stratify M 2 into two T-invariant strata as follows.
For a pair (E, f ) ∈ M We stratify M s 2 into two T-invariant strata as follows.
Lemma 4.11. The T-fixed locus of Ξ 1 consists of 30 points, 30 affine lines and 3 affine planes.
Proof. If B ≃ (x, y, z) t , then (E, f ) always satisfies the stability condition. We have the following diagram We can write down easily an eigenvector basis of V := H 0 (E 0 (2)) and see that: V can be decomposed into the direct sum of 12 eigen-subspaces for all θ (t 1 ,t 2 ) , 3 of which are of two dimension while the rest 9 are of one dimension. Hence the T-fixed locus of Gr(2, H 0 (E 0 (2))) consists of 39 points, 27 projective lines P 1 and 3 pieces of P 1 × P 1 . After excluding the points where det(f ) = 0, we get 30 points, 27 affine lines A 1 and 3 pieces of P 1 × P 1 − ∆(P 1 ) with
into the union of 1 affine line and 1 affine plane. Hence the lemma. 
is stable if and only if
We define two sheaves R f and S f by the following two exact sequences.
Isomorphism classes of (R f , S f ) are parametrized by Hilb
There are 6 T-fixed torson-free S f while the rest 9 contain torsion. If S f is torsion free, then R f ⊗ S f has torsion T nonzero if and only if (a 1 , a 2 )| x = 0 with R f ≃ I {x} ⊗ O P 2 (1), and T is isomorphic to the structure sheaf O {x} . If 
